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ON THE COMPLEMENT OF A HYPERSURFACE WITH FLAT
NORMAL BUNDLE WHICH CORRESPONDS TO A SEMIPOSITIVE
LINE BUNDLE
TAKAYUKI KOIKE
Abstract. We investigate the complex analytic structure of the complement of a non-
singular hypersurface with unitary flat normal bundle when the corresponding line bundle
admits a Hermitian metric with semipositive curvature.
1. Introduction
Let X be a complex manifold. We say that a line bundle L on X is Cr-semipositive if
there exists a Hermitian metric h on L of class Cr such that the Chern curvature tensor√−1Θh of h is positive semi-definite at any point of X (r ∈ {2, 3, 4, . . .} ∪ {∞}). Let Y
be a compact non-singular hypersurface of X . In this paper, we investigate the complex
analytic structure of the complement X \Y and small neighborhoods of Y when [Y ] is Cr-
semipositive, where [Y ] is the line bundle on X which corresponds to the effective divisor
Y . We are interested in the case where the (holomorphic) normal bundle NY/X of Y is
unitary flat: i.e. the transition functions of NY/X are locally constant functions valued in
U(1) := {t ∈ C | |t| = 1} for a suitable choice of the system of local trivializations. Note
that a holomorphic line bundle on a compact Ka¨hler manifold is unitary flat if and only
if it is topologically trivial (a theorem of Kashiwara, see [U, §1] for example).
One main conclusion of the main results in this paper is the following:
Theorem 1.1. Let X be a compact connected Ka¨hler manifold, Y be a connected non-
singular hypersurface of X with topologically trivial normal bundle. Assume that [Y ] is
C∞-semipositive.
(i) When the line bundle NmY/X := N
⊗m
Y/X is holomorphically trivial for some positive integer
m, there exists a holomorphic fibration f : X → B to a manifold B such that Y is a fiber
of f .
(ii) When the line bundle NmY/X is not holomorphically trivial for any positive integer
m, the Hartogs type extension theorem holds on X \ Y : i.e. for any neighborhood V
of Y and any holomorphic function f : V \ Y → C, there exists a holomorphic function
F : X \ Y → C such that F |V \Y = f .
Theorem 1.1 (i) holds not only when [Y ] is C∞-semipositive but also [Y ] is Cr-semipositive
if r ≥ max{3, 2m} (see Remark 5.1). Theorem 1.1 (i) is shown by combining [N, Theorem
5.1] (see also [CLPT, Theorem 1.3]) and the following:
Theorem 1.2. Let X be a complex manifold and Y be a non-singular hypersurface
of X with unitary flat normal bundle. Assume that [Y ] is Cr-semipositive. Then, for a
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positive integer m with max{3, 2m} ≤ r, Ueda type of the pair (Y,X) is larger than or
equal to m+ 1: i.e. there exist open subsets Vj’s of X which cover Y and a holomorphic
defining function wj of Vj ∩ Y on each Vj such that tjkwk = wj +O(wm+2j ) holds on each
Vj ∩ Vk for some constant tjk ∈ U(1).
When X is a surface, one can easily deduce Theorem 1.2 from [K1, Theorem 1.1].
Therefore, this theorem can be regarded as a generalization of [K1, Theorem 1.1]. Note
that this theorem is also a generalization of [K4, Theorem 1.6], which is on the case of
(r,m) = (∞, 2). By combining Theorem 1.2 and [U, Theorem 3], one have the following:
Corollary 1.3. Let X be a complex manifold and Y be a non-singular hypersurface of
X such that NmY/X is holomorphically trivial for some positive integer m. Assume that [Y ]
is C∞-semipositive. Then there exists a neighborhood V of Y and a holomorphic function
f : V → C such that the pull-back of the divisor {0} of C by f coincides with mY .
Theorem 1.2 is shown by using the same strategy as that of the proof of [K4, Theorem
1.6]: we investigate the coefficient functions obtained by considering the Taylor expansion
of a local weight function of a Hermitian metric of [Y ], and use them suitably to improve
the system of local defining functions of Y inductively. As one need to linearize the
transitions of local defining functions in higher order jet, much more careful arguments
are needed than that we used in [K4].
Theorem 1.1 (ii) follows from the following:
Theorem 1.4. Let X be a connected Ka¨hler manifold and Y be a compact non-singular
connected hypersurface with topologically trivial normal bundle. Assume either of the
following two conditions: (a) X is compact and the Hartogs type extension theorem does
not hold on X \Y , or (b) There exists a relatively compact connected open neighborhood Ω
of Y in X such that the boundary ∂Ω is a locally pseudoconvex C2-smooth real submanifold
of real codimension 1. Then the following are equivalent:
(i) [Y ] is C∞-semipositive.
(ii) There exists a neighborhood V of Y such that the line bundle [Y ]|V is unitary flat.
Moreover, under the assumption (b), ∂Ω is a Levi-flat hypersurface if the conditions (i)
and (ii) hold.
Note that Corollary 1.3 and Theorem 1.4 give a partial solution of Conjecture [K4,
Conjecture 1.1]. In [O2], Ohsawa showed two types of Hartogs type extension theorems
(see also [O3, §5.2.2]). When Y is a smooth hypersurface of a compact connected Ka¨hler
manifold X (for simplicity), [O2, Theorem 0.2] says that the Hartogs type extension
theorem holds on X \ Y if the normal bundle NY/X admits a smooth Hermitian metric h
such that the Chern curvature
√−1Θh is positive semi-definite and not identically zero.
Theorem 1.1 (ii) can be regarded as a variant of this theorem. Theorem 1.4 is shown by
using [O2, Theorem 0.1], which is another type of the Hartogs type extension theorem
(see also §2.3 here). In order to apply this theorem to prove Theorem 1.4, we construct a
plurisubharmonic function ψ onX\Y with logarithmic growth along Y . We will construct
such a function ψ so that the difference between ψ and the local weight function of a
suitable Hermitian metric of [Y ] is pluriharmonic. We will apply [O2, Theorem 0.1] and
our detailed expression of the local weight functions obtained in the proof of Theorem
1.2, and count the number of positive eigenvalues of the complex Hessian of ψ, which
enables us to consider the Monge–Ampe`re foliation. Theorem 1.4 is shown by running a
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complex-dynamical argument for the holonomy map of this foliation such as the argument
in [KO, §4]. Here we apply Pe´rez-Marco’s theory on the dynamics of the non-linearizable
irrationally indifferent fixed point [P].
By combining the arguments in the proofs of Theorem 1.2 and Theorem 1.4, we also
have the following result as a partial solution of Conjecture [K4, Conjecture 1.1].
Theorem 1.5. Let X be a complex manifold and Y be a non-singular hypersurface of
X with unitary flat normal bundle. Then the following are equivalent:
(i) There exists a neighborhood V of Y such that [Y ]|V admits a real-analytic Hermitian
metric with semipositive curvature.
(ii) There exists a neighborhood V of Y such that [Y ]|V is unitary flat.
The organization of the paper is as follows. In §2, we explain some terms and collect
some known results which we will use in this paper. In §3, we prove Theorem 1.2 and
Corollary 1.3. In §4, we prove Theorem 1.4. In §5, we prove Theorem 1.1 and Theorem
1.5.
Acknowledgment. The author would like to give heartfelt thanks to Professor
Takeo Ohsawa for his comments and suggestions of inestimable value. He is also grateful
to Professor Shin-ichi Matsumura for discussions on some results related to Theorem 1.1
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No. J171000201, and partly by Osaka City University Advanced Mathematical Institute
(MEXT Joint Usage/Research Center on Mathematics and Theoretical Physics).
2. Preliminary
Let X be a complex manifold and Y be a compact non-singular hypersurface of X .
Assume that the normal bundle NY/X is unitary flat. In this section, we explain some
terms and collect some known results which we will use in this paper.
2.1. Hermitian metrics of [Y ] and plurisubharmonic functions on X \ Y . For
r ∈ {2, 3, . . . } ∪ {∞}, we show the following proposition in this subsection.
Proposition 2.1. Let X be a complex manifold and Y be a compact non-singular
hypersurface of X with unitary flat normal bundle. The following are equivalent:
(i) [Y ] is Cr-semipositive.
(ii) There exists a plurisubharmonic function ψ : X \ Y → R of class Cr which satisfies
the following condition: For any point p ∈ Y , there exist a neighborhood W of p in X,
a holomorphic defining function w : W → C of W ∩ Y , and a plurisubharmonic function
ϕ : W → R of class Cr such that ψ = − log |w|2+ϕ holds on W \ Y and that the complex
Hessian of ϕ has at least one positive eigenvalue at any point of W .
Proof. First we show that the assertion (ii) implies (i). We denote by π : [Y ] → X
the projection. Take a function ψ as in the assertion (ii). Consider the Hermitian metric
h on [Y ] defined by
〈ξ, η〉h,x := e−ψ(x) · ξ
f(x)
·
(
η
f(x)
)
,
where x ∈ X is a point, ξ, η ∈ [Y ]x := π−1(x), and f ∈ H0(X, [Y ]) = H0(X,OX(Y )) is a
canonical section of [Y ]: i.e. f is a global holomorphic section of [Y ] whose zero divisor
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coincides with the divisor Y . Then it can be easily checked that h is a Hermitian metric
on [Y ] of class Cr with semipositive curvature.
Next we show that the assertion (i) implies (ii). Take a Hermitian metric h on [Y ] of
class Cr with semipositive curvature. Using a canonical section f ∈ H0(X, [Y ]) of [Y ], we
define the function Ψ by letting Ψ := − log |f |2h. Note that this function Ψ satisfies the
property as in the assertion (ii) except the condition that the complex Hessians have at
least one positive eigenvalue.
Consider the function ψ̂ : X \ Y → R defined by ψ̂ := Ψ + e−Ψ. As the function
χ : R>0 ∋ t 7→ t + e−t ∈ R is increasing and convex, this function ψ̂ is plurisubharmonic
on V1 := {x ∈ X \ Y | ψ(x) > 0}. It follows from a simple computation by using local
coordinates that the complex Hessian of the local function ψ̂ has at least one positive
eigenvalue on a neighborhood of any point of Y in X . Take a function λ : R→ R of class
C∞ such that λ is non-decreasing, convex, ψ|(−∞,ε] ≡ 0 holds for a positive number ε, and
that λ(t) = t holds on the interval [1,+∞) (one can actually construct such a function
λ by taking the regularized maximum of a sufficiently small positive constant and the
identity function for example. See [D, §5.E]). Then it is easily observed that the function
ψ defined by
ψ(p) :=
{
λ ◦ ψ̂(p) if p ∈ V1
0 if p ∈ X \ V1
enjoys the condition. 
Remark 2.2. Take open sets Vj’s of X which cover Y . By shrinking Vj’s, we often
take local holomorphic defining functions wj’s of Y on Vj ’s such that dwj = tjkdwk holds
on each Vj ∩ Vk ∩ Y for some constant tjk ∈ U(1). For a function ψ as in Proposition 2.1,
the function ϕj := ψ + log |wj|2 can be regarded as the local weight function of a metric
on [Y ] with semipositive curvature. As is easily observed, {(Vj ∩ Y, ϕj|Vj∩Y )} glue up to
define a global plurisubharmonic function on a compact manifold Y . Thus one can deduce
from the maximum principle that there exists a constant A ∈ R such that ϕj |Vj∩Y ≡ A.
Therefore, one may assume that ϕj |Vj∩Y ≡ 0 by replacing ψ with ψ −A.
Remark 2.3. It is also easily observed that, for a function ψ as in Proposition 2.1, it
holds that the set {ψ > N} ∪ Y is a sufficiently small tubular neighborhood of Y whose
boundary is a real submanifold of class Cr for sufficiently large number N .
2.2. Ueda’s theory on a neighborhood of Y . In [U], Ueda investigated the complex
analytic structure on a neighborhood of Y . In this subsection, we give a brief explanation
on this Ueda theory.
Take a finite open covering {Uj} of Y , a neighborhood Vj of Uj in X with Vj ∩Y = Uj,
and a defining function wj : Vj → C of Uj for each j. In what follows, we always assume
that {Uj} and {Vj} are fine enough so that Uj ’s and Vj ’s are simply connected and Stein,
and that Ujk := Uj ∩ Uk is empty if and only if Vjk := Vj ∩ Vk is empty.
As is simply observed, one may assume that dwj = tjkdwk holds on each Ujk for some
constant tjk ∈ U(1) by changing wj’s if necessary. We call such a system {(Vj, wj)} of
local defining functions of Y as a system of type 1. By shrinking Vj’s if necessary again,
we assume that, for each j, there exists a holomorphic surjection PrUj : Vj → Uj such that
the restriction PrUj |Uj is the identity and that (wj, zj ◦PrUj) are coordinates of Vj, where
zj is a coordinate of Uj. In what follows, for any holomorphic function f on Uj, we denote
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by the same letter f the pull-buck Pr∗Ujf := f ◦ PrUj . On Uj and Uk such that Ujk 6= ∅,
one have the series expansion
tjkwk = wj +
∞∑
n=2
fkj,n(zj) · wnj ,
where fkj,n’s are holomorphic functions on Ujk (we regard this also as a function defined
by (PrUj |Pr−1Uj (Ujk))
∗fkj,n). For a positive integer m, we say that the system {(Vj, wj)} of
local defining functions is of type m if fkj,ℓ ≡ 0 holds for any ℓ with ℓ ≤ m and any
j, k with Ujk 6= ∅. If {(Vj, wj)} is of type m, it follows that {(Ujk, fkj,m+1)} satisfies
the 1-cocycle condition, and thus it defines an element of H1(Y,N−mY/X) (see [U, §2] for
details). We denote this cohomology class by um(Y,X), which is the definition of m-th
Ueda class. Ueda class um(Y,X) is well-defined up to the U(1)-action of H
1(Y,N−mY/X),
namely [um(Y,X)] ∈ H1(Y,N−mY/X)/U(1) does not depend on the choice of the system of
type m.
From a simple observation, it follows that there exists a system of type m + 1 if and
only if um(Y,X) = 0, and that one can also define um+1(Y,X) if um(Y,X) = 0. The pair
(Y,X) is said to be of finite type if, for some positive integer n, there exists a system of
type n such that un(Y,X) 6= 0. In this case, n is said to be Ueda type of the pair (Y,X).
Otherwise, the pair is said to be of infinite type. We say that Ueda type of the pair (Y,X)
is ∞ in this case.
In [U, §4], Ueda gave some sufficient conditions for the existence of a system {(Vj, wj)}
such that tjkwk = wj holds on each Vjk for a pair (Y,X) of infinite type. Note that [Y ]|V
is unitary flat for V :=
⋃
j Vj if and only if such a system exists. Note also that, if N
m
Y/X
is holomorphically trivial for some positive integer m, there exists a holomorphic function
f : V → C such that f ∗{0} = mY holds as divisors when such a system exists. Indeed,
such f can be constructed by letting f |Vj := wmj (wmj ’s glue up to each other since tmjk = 1
holds for each j and k in this case). Though the following Ueda’s theorem is stated only
when X is a surface in [U], this theorem and its proof in [U, §4] also work in general
dimension (see also [K3]).
Theorem 2.4 (a part of [U, Theorem 3]). Assume that the pair (Y,X) is of infinite
type and that there exists a positive integer m such that NmY/X is holomorphically trivial.
Then there exists a system {(Vj, wj)} such that tjkwk = wj holds on each Vjk.
Note that there exist some examples of (Y,X) of infinite type such that [Y ]|V is not
unitary flat for any neighborhood V of Y in the case where NmY/X is not holomorphically
trivial for any integer m (see [U, §5], [KO]).
2.3. Levi-flatness and Ohsawa’s Hartogs type extension theorem for bounded
domains in Ka¨hler manifolds. Let Ω be a relatively compact domain of X . Assume
that Ω admits a plurisubharmonic defining function F of class C∞ defined on a neighbor-
hood of Ω: i.e. it holds that Ω = {F < 0} and that (dF )p 6= 0 for each p ∈ ∂Ω. In this
case, it is clear that ∂Ω is a real submanifold of X of class C∞ which is locally pseudocon-
vex. For each point p ∈ ∂Ω, denote by T 1,0∂Ω,p the subspace {v ∈ TX,p | ∂F (v) = 0} of the
(holomorphic) tangent space TX,p. The boundary ∂Ω is said to be Levi-flat at p ∈ ∂Ω if
all the eigenvalues of the bilinear form on T 1,0∂Ω,p defined by restricting the complex Hessian
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of F (Levi form) are zero. When ∂Ω is Levi-flat, which means that ∂Ω is Levi-flat at any
point, the vectors in T 1,0∂Ω,p’s define a foliation on ∂Ω, which is called as Levi foliation.
In the proof of Theorem 1.4, the following Ohsawa’s Hartogs type extension theorem
for bounded domains in Ka¨hler manifolds plays an essential role:
Theorem 2.5 ([O2, Theorem 0.1], see also [O3, Theorem 5.11]). Let X be a Ka¨hler
manifold and Ω ⊂ X be a relatively compact locally pseudoconvex domain such that the
boundary ∂Ω is a real hypersurface of class C2. Assume that there exists a point of ∂Ω at
which ∂Ω is not Levi-flat. Then the Hartogs type extension theorem holds on Ω.
Note that, when there exists a point p ∈ ∂Ω at which the complex Hessian of F has
at least two positive eigenvalues, it clearly holds that the Levi form on T 1,0∂Ω,p has at least
one positive eigenvalue. Therefore, ∂Ω is not Levi-flat at the point p in this case.
3. Proofs of Theorem 1.2 and Corollary 1.3
3.1. Proof of Theorem 1.2. Here we show Theorem 1.2.
3.1.1. A fundamental fact and the outline of the proof. In the proof of Theorem 1.2, the
following fundamental lemma plays an important role.
Lemma 3.1 (=[K4, Lemma 2.1]). Let Ω be a neighborhood of the origin in the complex
plane C with the standard coordinate w, and Φ: Ω → R be a function. Assume that
Φ(w) ≥ 0 for any w ∈ Ω and that, for a positive integer m, Φ satisfies
Φ(w) =
m∑
p=0
cp · wpwn−p + o(|w|m)
as |w| → 0, where cp’s are complex constants. Then the following holds:
(i) When m is odd, cp = 0 for any p ∈ {0, 1, 2, . . . , m}.
(ii) When m is even, the constant cm/2 is a non-negative real number. Any of the other
constants are zero if cm/2 = 0.
Let X be a complex manifold of dimension n and Y be a non-singular hypersurface
of X with unitary flat normal bundle. Take an open covering {Uj} of Y , open subsets
Vj’s, coordinates zj = (z
1
j , z
2
j , . . . , z
d
j ) of Uj (d := n− 1), a holomorphic defining function
wj : Vj → C of Uj , and constants tjk ∈ U(1) as in §2.2. In what follows, we fix {Uj} and
zj ’s, whereas we change wj’s and shrink Vj’s as necessary.
Assume that [Y ] is Cr-semipositive (r ≥ 3). Take a function ψ as in Proposition 2.1,
and a plurisubharmonic function ϕj of class C
r on Vj such that ψ(zj , wj) = − log |wj|2 +
ϕj(zj , wj) holds on Vj \ Y . By Taylor’s theorem, one have an expansion
ϕj(zj , wj) =
∑
p+q≤r
ϕp,qj (zj) · wpjwjq +
∑
p+q=r
Rp,qj (zj , wj) · wpjwjq
of the function ϕj, where R
p,q
j ’s are functions which approach to 0 as |wj| → 0 (in the
expansion above, p and q run in the set Z≥0 := {ν ∈ Z | ν ≥ 0}). As is observed in
Remark 2.2, we may assume that ϕ0,0j ≡ 0 for each j. Note that ϕp,qj = ϕq,pj holds, since
ϕj is a real-valued function.
In order to prove Theorem 1.2, we will show the following (Assertion)m for eachm ∈ Z≥0
by induction.
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(Assertion)m: Assume that r ≥ max{3, 2m} holds. Then there exists a system
{(Vj, wj)} of type m + 1. If the system {(Vj, wj)} is of type m + 1, then the
coefficient function ϕp,qj is a constant function for (p, q) = (0, m), (p, q) = (m, 0),
and for (p, q) such that 0 ≤ p < m and 0 ≤ q < m hold. Moreover, if r ≥ 2m+ 2
and the system {(Vj, wj)} is of type m+1, then ϕp,qj is a constant function for any
(p, q) such that 0 ≤ p ≤ m and 0 ≤ q ≤ m hold.
Note that (Assertion)0 clearly holds, since ϕ
0,0
j ≡ 0. In what follows, we assume
(Assertion)m−1 and show that (Assertion)m holds for each m ≥ 1.
In order to show this, we first show that the coefficient function ϕm,0j is holomorphic in
§3.1.2 when the system {(Vj, wj)} is of type m. Next, in §3.1.3, we compute the expansion
of the function ϕk − ϕj in two-fold way and compare them to obtain equations on the
difference between the functions t−p+qjk ϕ
p,q
k and ϕ
p,q
j on each Ujk. Combining these, we
modify the defining function wj to construct a new system of type m + 1 by using ϕ
m,0
j
in §3.1.4. By using such a system, we complete the proof of (Assertion)m in §3.1.5.
In this proof, the following fundamental fact also plays an important role: on a compact
complex manifold, any global pluriharmonic section of a unitary flat line bundle is locally
constant. One can easily show this fact by using the maximum principle.
3.1.2. The holomorphy of the function ϕm,0j . Assume that r ≥ max{3, 2m} holds. Note
that 2m ≤ r and m+ 2 ≤ r hold, since m ≥ 1.
Take a system {(Vj, wj)} of type m. Let
tjkwk = wj +
∑
ν=m+1
fkj,ν(zj) · wνj
be the expansion on Vjk. As the function (ϕj)zλj :=
∂
∂zλj
ϕj is of class C
r−1, one have the
expansion
(ϕj)zλj (zj, wj) =
∑
p+q≤r−2
ϕp,qλ,j(zj) · wpjwjq +
∑
p+q=r−2
Rp,qλ,j(zj , wj) · wpjwjq
by Taylor’s theorem, where Rp,qλ,j ’s are functions which approach to 0 as |wj| → 0. Again
by using the condition that ϕj is of class C
r (and thus it is of class Cr−1 especially), one
have that the function
ϕp,qλ,j =
1
p!q!
∂p+q+1
∂wpj∂wj
q∂zλj
ϕj
coincides with the partial derivative of the function
ϕp,qj =
1
p!q!
∂p+q
∂wpj∂wj
qϕj
with respect to the variable zλj for each (p, q) ∈ (Z≥0)2 with p+ q ≤ r − 2. Therefore,
(ϕj)zλj (zj, wj) =
∑
p+q≤r−2
(ϕp,qj )zλj (zj) · w
p
jwj
q +
∑
p+q=r−2
Rp,qλ,j(zj , wj) · wpjwjq
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holds. As we are assuming (Assertion)m−1, the function ϕ
p,q
j is constant if p ≤ m− 1 and
q ≤ m− 1. Thus we have
(ϕj)zλj (zj , wj) =(ϕ
m,0
j )zλj (zj) · wmj + (ϕ
0,m
j )zλj (zj) · wjm
+
∑
m+1≤p+q≤r−2
(ϕp,qj )zλj (zj) · w
p
jwj
q +
∑
p+q=r−2
Rp,qλ,j(zj , wj) · wpjwjq,
from which it follows that
(1) (ϕj)zλj wj(zj , wj) = m(ϕ
0,m
j )zλj (zj) · wjm−1 + o(|wj|m−1)
holds as |wj| → 0. Similarly, one have that
(ϕj)zλj z
µ
j
(zj , wj) =
{∑
p+q=1(ϕ
p,q
j )zλj z
µ
j
(zj) · wpjwjq + o(|wj|) if m = 1∑
p+q≤2m−2(ϕ
p,q
j )zλj z
µ
j
(zj) · wpjwjq + o(|wj|2m−2) if m ≥ 2
holds for λ, µ = 1, 2, . . . , d. Furthermore, it follows from the following Lemma 3.2 that
(2) (ϕj)zλj z
µ
j
(zj , wj) =
{
o(|wj|) if m = 1
o(|wj|2m−2) if m ≥ 2
holds.
Lemma 3.2. Let M be a non-negative integer which is less than or equal to max{1, 2m−
2}. Then the function ϕp,qj is pluriharmonic for any (p, q) ∈ (Z≥0)2 with p+ q =M .
Proof. Lemma is clear for M = 0, since ϕ0,0j ≡ 0. Assume that the assertion holds
for M − 1. Then, for any element ξ = (ξ1, ξ2, . . . , ξd) ∈ Cd, one have that
d∑
λ=1
d∑
µ=1
(ϕj)zλj z
µ
j
· ξλ · ξµ =
∑
p+q=M
(
d∑
λ=1
d∑
µ=1
(ϕp,qj )zλj z
µ
j
· ξλ · ξµ
)
· wpjwjq + o(|wj|M)
holds. As ϕj is plurisubharmonic, this function is non-negative.
When M is odd, it follows from Lemma 3.1 that
d∑
λ=1
d∑
µ=1
(ϕp,qj )zλj z
µ
j
· ξλ · ξµ ≡ 0
for (p, q) with p + q = M . It easily follows from this that 2Reϕp,qj (= ϕ
p,q
j + ϕ
q,p
j ) and
2Imϕp,qj (= −
√−1(ϕp,qj − ϕq,pj )) satisfy the equations
∑d
λ,µ=1(Reϕ
p,q
j )zλj z
µ
j
· ξλ · ξµ ≡ 0
and
∑d
λ,µ=1(Imϕ
p,q
j )zλj z
µ
j
· ξλ · ξµ ≡ 0, which implies that both Reϕp,qj and Imϕp,qj are
pluriharmonic. Therefore one have that ϕp,qj is also pluriharmonic for (p, q) with p+q = M .
When M is even, set M = 2L. As L ≤ m − 1, (Assertion)m−1 implies that ϕL,Lj is
a constant function. Therefore the assertion follows from Lemma 3.1 by using the same
argument as in the case where M is odd. 
For λ = 1, 2, . . . , d and a point zj ∈ Uj , denote by Hj,λ(zj , wj) the Hermitian form on
the space spanned by ∂/∂wj and ∂/∂z
λ
j defined by restricting the complex Hessian of ϕj.
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Then, by the equations (1) and (2), one have that
detHj,λ = (ϕj)wjwj · (ϕj)zλj zλj − (ϕj)zλj wj · (ϕj)wjzλj
= −m2
∣∣∣(ϕm,0j )zλj ∣∣∣2 · |wj|2m−2 + o(|wj|2m−2).
As ϕj is plurisubharmonic, detHj,λ is non-negative. Therefore one have that (ϕ
m,0
j )zλj
≡ 0
for each λ, which implies that the function ϕm,0j is holomorphic.
3.1.3. Expansions of ϕk − ϕj and the gluing of ϕp,qj ’s. Here let us consider the expansion
of the function ϕk(zk, wk) − ϕj(zj , wj) in two-fold way. First, by using a holomorphic
function Fkj,m+2 defined by tjkwk = wj+fkj,m+1(zj) ·wm+1j +wj ·Fkj,m+2(zj , wj), one have
ϕk(zk, wk)− ϕj(zj , wj) = (ψ + log |wk|2)− (ψ + log |wj|2)(3)
= log |wk|2 − log |wj|2
= log
∣∣1 + fkj,m+1(zj) · wmj + Fkj,m+2(zj , wj)∣∣2
= fkj,m+1 · wmj + fkj,m+1 · wjm
− f
2
kj,m+1
2
· w2mj −
f 2kj,m+1
2
· wj2m
+ Fkj,m+2 + Fkj,m+2 +O(|wj|2m+1).
Let G
(s)
kj,m+2 be the holomorphic function defined by
(wj + fkj,m+1(zj) · wm+1j + · · · )s = wsj ·
(
1 + sfkj,m+1(zj) · wmj +G(s)kj,m+2(zj , wj)
)
for each integer s. Then, as it holds that
ϕp,qk (zk) · wpkwkq
= t−p+qjk ϕ
p,q
k (zk) · (tjkwk)p(tjkwk)
q
= t−p+qjk ϕ
p,q
k (zk) · wpjwjq · (1 + pfkj,m+1 · wmj +G(p)kj,m+2) · (1 + qfkj,m+1(zj) · wjm +G(q)kj,m+2),
one have the second expansion
ϕk(zk, wk)− ϕj(zj , wj)(4)
=
∑
p+q≤2m
(
ϕp,qk (zk) · wpkwkq − ϕp,qj (zj) · wpjwjq
)
+ o(|wj|2m)
=
∑
p+q≤2m
(t−p+qjk ϕ
p,q
k (zk)− ϕp,qj (zj)) · wpjwjq
+
∑
0<p+q≤2m
t−p+qjk ϕ
p,q
k (zk) ·
(
pfkj,m+1 · wm+pj wjq + qfkj,m+1 · wpjwjm+q
+pq · |fkj,m+1|2 · wm+pj wjm+q +G(p)kj,m+2 · wpjwjq +G(q)kj,m+2 · wpjwjq
)
+ o(|wj|2m).
Note that Fkj,m+2(zj , wj) = O(w
m+1
j ), G
(s)
kj,m+2(zj , wj) = O(w
m+1
j ), and that ϕ
p,q
j is
constant for each (p, q) with p ≤ m − 1 and q ≤ m − 1 (by (Assertion)m−1). Then it
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follows from these two expansions (3) and (4) that t−p+qjk ϕ
p,q
k − ϕp,qj ≡ 0 holds for any
(p, q) ∈ (Z≥0)2 with p+ q < m by the induction on p+ q. Therefore, again by comparing
two expansions (3) and (4), one have that
fkj,m+1 · wmj + fkj,m+1 · wjm =
∑
p+q=m
(t−p+qjk ϕ
p,q
k (zk)− ϕp,qj (zj)) · wpjwjq + o(|wj|m),
from which it follows that
(5) t−p+qjk ϕ
p,q
k − ϕp,qj =

fkj,m+1 if (p, q) = (0, m)
0 if (p, q) = (1, m− 1), (2, m− 2), . . . , (m− 1, 1)
fkj,m+1 if (p, q) = (m, 0)
holds on each Ujk.
3.1.4. Existence of a system of type m+ 1. Set ŵj := wj − ϕm,0j (zj) ·wm+1j . By shrinking
Vj if necessary, this function is also a defining function of Uj . As
tjkŵk = tjkwk − tjkϕm,0k (zk) · wm+1k
= (wj + fkj,m+1(zj) · wm+1j +O(wm+2j ))− (t−mjk ϕm,0k (zk) · wm+1j +O(wm+2j ))
= wj − ϕm,0j (zj) · wm+1j +O(wm+2j ) = ŵj +O(ŵm+2j ),
one have that {(Vj, ŵj)} is a system of type m+ 1.
In what follows, we replace wj with ŵj and assume that {(Vj , wj)} is a system of
type m + 1. Then it holds that fkj,m+1 ≡ 0. Thus it follows form the equation (5)
that {(Uj, ϕp,qj (zj))} glues up to define a global section of N−p+qY/X for each (p, q) ∈ (Z≥0)2
with p + q = m. As m ≤ max{1, 2m − 2}, Lemma 3.2 implies that {(Uj , ϕp,qj (zj))} is a
plurisubharmonic global section of a unitary flat bundle N−p+qY/X for such a pair (p, q), which
means that ϕp,qj is constant if p + q = m. Especially, both ϕ
0,m
j and ϕ
m,0
j are constant
functions.
3.1.5. End of the proof. As in the previous subsection, we assume that {(Vj, wj)} is a
system of type m + 1. Additionally, assume that 2m + 2 ≤ r. Then, as fkj,m+1 ≡ 0 and
{(Uj , ϕp,qj (zj))} defines a locally constant global section of N−p+qY/X for any (p, q) ∈ (Z≥0)2
with p+ q ≤ m, it follows from the equations (3) and (4) that
Fkj,m+2 + Fkj,m+2(6)
=
∑
m+1≤p+q≤2m
(t−p+qjk ϕ
p,q
k (zk)− ϕp,qj (zj)) · wpjwjq
+
∑
0<p+q≤2m
t−p+qjk ϕ
p,q
k (zk) · (G(p)kj,m+2 · wpjwjq + G(q)kj,m+2 · wpjwjq)
+ o(|wj|2m).
By using this, we have the following:
Lemma 3.3. For each µ = 0, 1, 2, . . . , m, {(Uj, ϕm,µj )} and {(Uj , ϕµ,mj )} define locally
constant global sections of N−m+µY/X and N
m−µ
Y/X , respectively.
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Before giving a proof of Lemma 3.3, we note some implications of the arguments above.
From Lemma 3.2 and the arguments we made before Lemma 3.2, it follows that
d∑
λ,µ=1
(ϕj)zλj z
µ
j
· ξλ · ξµ
=
∑
p+q=2m−1
(
d∑
λ,µ=1
(ϕp,qj )zλj z
µ
j
· ξλ · ξµ
)
· wpjwjq
+
∑
p+q=2m
(
d∑
λ,µ=1
(ϕp,qj )zλj z
µ
j
· ξλ · ξµ
)
· wpjwjq
+ o(|wj|2m)
holds for any ξ = (ξ1, ξ2, . . . , ξd) ∈ Cd. Thus, by running the arguments as in the proof
of Lemma 3.2, one have that ϕp,qj is pluriharmonic for any (p, q) with p + q = 2m − 1.
Therefore it follows that
(7)
d∑
λ,µ=1
(ϕj)zλj z
µ
j
· ξλ · ξµ =
∑
p+q=2m
(
d∑
λ,µ=1
(ϕp,qj )zλj z
µ
j
· ξλ · ξµ
)
· wpjwjq + o(|wj|2m).
Proof of Lemma 3.3. Let us show the lemma by induction. Note that the assertion has
already been shown when µ = 0 in the previous subsection. Assume that the assertion
holds for (p, q) = (0, m), (1, m), . . . , (µ− 1, m), and (p, q) = (m, 0), (m, 1), . . . , (m,µ− 1).
For a pair (p, q) with m+ 1 ≤ p+ q ≤ 2m, let
ϕp,qk (zk) = ϕ
p,q
k (zk(zj , wj))
= ϕp,qk (zk(zj , 0)) +
∑
0<ν+λ≤2m+2−(p+q)
Hp,qkj,νλ(zj) · wνjwkλ + o
(|wj|2m+2−(p+q)) .
be the expansion of the function ϕp,qk (zk(zj , wj)) of class C
2m+2−(p+q). Then the first term
of the right hand side of the equation (6) can be described as∑
m+1≤p+q≤2m
(t−p+qjk ϕ
p,q
k (zk)− ϕp,qj (zj)) · wpjwjq
=
∑
m+1≤p+q≤2m
(t−p+qjk ϕ
p,q
k (zk(zj , 0))− ϕp,qj (zj)) · wpjwjq
+
∑
m+1≤p+q≤2m
∑
0<ν+λ≤2m+2−(p+q)
t−p+qjk H
p,q
kj,νλ(zj) · wp+νj wjq+λ
+ o(|wj|2m+2).
As the functions Fkj,m+2, G
(p)
kj,m+2, and G
(q)
kj,m+2 are holomorphic functions with zero of
multiplicity larger than m along wj = 0, it follows from the equation (6) that
t−m+µjk ϕ
m,µ
k (zk(zj , 0))− ϕm,µj (zj) ≡ 0
holds (Here we used the fact that Hp,qkj,νλ ≡ 0 holds if p ≤ m and q < µ(≤ m), which
follows from (Assertion)m−1 and the inductive assumption).
When µ < m, one have that m+ ν ≤ 2m− 1. In this case, it follows from the equation
(7) and the argument as in the proof of Lemma 3.2 that {(Uj , ϕm,µj )} defines a global
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section of N−m+µY/X which is pluriharmonic. Therefore {(Uj , ϕm,µj )} is a locally constant
global section. One can show that {(Uj, ϕµ,mj )} is a locally constant global section of
Nm−µY/X in the same manner.
Finally, let us consider the functions ϕm,mj ’s. By the same argument as above, one
have that {(Uj , ϕm,mj )} glues up to define a global function on Y . As the function ϕj
is plurisubharmonic, it follows from Lemma 3.1 and the equation (7) that ϕm,mj is also
plurisubharmonic. Therefore, as Y is compact, one have that ϕm,mj is constant by using
the maximum principle. 
(Assumption)m follows from Lemma 3.3, which completes the proof of Theorem 1.2. 
3.2. Proof of Corollary 1.3. It follows form Theorem 1.2 that the pair (Y,X) is of
infinite type when [Y ] is C∞-semipositive. Therefore the corollary follows from Ueda’s
theorem Theorem 2.4. 
4. Proof of Theorem 1.4
Under both of the assumptions (a) and (b), one can easily show that (ii) implies (i),
see the proof of [K2, Corollary 3.4]. In this section, we assume the assertion (i) and show
(ii).
As [Y ] is C∞-semipositive, one can take a function ψ as in Proposition 2.1. For a
sufficiently large real number N , define a domain ΩN by ΩN := {x ∈ X | ψ(x) < N}
under the assumption (a), and by ΩN := {x ∈ Ω | ψ(x) < N} under the assumption
(b). In what follows, we always assume that N is large enough so that ∂ΩN is a real
submanifold of class C∞ (see Remark 2.3).
First, we show the following:
Lemma 4.1. The Hartogs type extension theorem does not hold on ΩN for a sufficiently
large N .
Proof. Under the assumption (b), the boundary ∂ΩN has at least two connected
components for sufficiently large N , from which the assertion easily follows. Assume that
(a) holds, and that there exists a sequence {Nν}∞ν=0 ⊂ R such that Nν → ∞ as ν → ∞
and that the Hartogs type extension theorem holds on ΩNν for any integer ν. Take a
neighborhood V of Y in X . As Y is compact, one may assume that ∂V is relatively
compact in a small neighborhood of Y by shrinking V if necessary. Therefore, there
exists a positive integer ν0 such that {ψ = Nν0} is a relatively compact subset of V \ Y .
Let f be a holomorphic function defined on V \Y . As V ∩ΩNν0 is a neighborhood of the
boundary ∂ΩNν0 in ΩNν0 , it follows from the assumption that there exists a holomorphic
function F on ΩNν0 such that F |V ∩ΩNν0 = f |V ∩ΩNν0 . As {(V \ Y, f), (ΩNν0 , F )} glue up
to define a holomorphic function on X \ Y , the Hartogs type extension theorem holds on
X \ Y , which contradicts to the condition (a). 
It follows from Ohsawa’s theorem Theorem 2.5 and Lemma 4.1 that ∂ΩN is Levi-flat
for a sufficiently large real number N . Thus ∂Ω is Levi-flat under the assumption (b), and
the real hypersurface {ψ = N} is Levi-flat for sufficiently large N under the assumptions
(a) and (b). From this, we have the existence of a neighborhood V0 of Y such that the
complex Hessian of the function ψ has exactly one positive eigenvalue at any point of
V0 \ Y . Indeed, as ψ is a function as in Proposition 2.1 (ii), one can easily show the
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existence of a neighborhood V ′ of Y such that the complex Hessian of ψ has at least one
positive eigenvalue at any point of V ′ \ Y . If there exists a sequence {pν}∞ν=0 of points in
V ′ \Y such that pν accumulates on Y and that the complex Hessian of ψ has at least two
positive eigenvalues at each pν , one have that the hypersurface {x ∈ V ′\Y | ψ(x) = ψ(pν)}
is not Levi-flat (see §2.3), which contradicts to Lemma 4.1.
Take such a neighborhood V0 of Y . Take also an open covering {Uj} of Y , a neighbor-
hood Vj of each Uj, and coordinates (zj , wj) of Vj as in §2.2. From Theorem 1.2, it follows
that we may assume that the system {(Vj, wj)} is of type 3. In this case, by (Assertion)2
in the previous section, there exist constants A
(1)
j , A
(2)
j , and B such that
ψ = − log |wj|2 + A(1)j wj + A(1)j wj + A(2)j w2j + A(2)j wj2 +B · |wj|2 +O(|wj|3)
holds as |wj| → 0 on each Vj. Thus one have the description
(8)
√−1∂∂ϕj = B ·
√−1dwj ∧ dwj +O(|wj|),
from which it turns out that the complex Hessian of ϕj has exactly one positive eigenvalue
at any point in V0 ∩Vj (even if the point is included in Y ). Therefore one can define non-
singular holomorphic foliation F of codimension 1 on V0 by letting F|V0∩Vj be the the
Monge–Ampe`re foliation associated with
√−1∂∂ϕj on each V0 ∩ Vj (see [S] and [BK,
Theorem 2.4]). For this foliation F , we prove the following lemma and proposition.
Lemma 4.2. By shrinking Vj’s if necessary, there exists a holomorphic function ηj on
each Vj such that {(Vj, (zj, ηj))} is a foliation chart of F (i.e. (zj , ηj) can be regarded
as coordinates on Vj and each leaf can be described as {ηj = constant} in Vj), and that
ηj = wj +O(w
2
j ) holds as wj → 0.
Proof. As F is a holomorphic foliation, there exists a holomorphic foliation chart
{(Vj, (zj , ηj))} by shrinking Vj’s if necessary. Let
ηj =
∞∑
ν=0
aj,ν(zj) · wνj
be the expansion. As it follows from the equation (8) that Y is a leaf of F , we may assume
that aj,0 ≡ 0 for each j.
By definition of the foliation chart, the restriction ϕj |{ηj=c} is pluriharmonic for each
constant c. Thus, for each point p in V0∩Vj, one have that there exists a positive number
Fj(p) such that
(9) (∂ηj ∧ ∂ηj)p = Fj(p) · (∂∂ϕj)p
holds (Apply Lemma 4.3 below to the representation matrix of (
√−1∂∂ϕj)p with respect
to the basis ∂/∂ηj , ∂/∂z
1
j , . . . , ∂/∂z
d
j of TV0,p). By comparing the leading terms of the
equation (9), one easily have that
Fj|Uj =
|aj,1|2
B
holds. By taking the exterior derivative of the equation (9), one have that dFj∧∂∂ϕj ≡ 0,
since both ∂ηj ∧ ∂ηj and ∂∂ϕj are d-closed. From this, it follows that d(Fj|Uj) ≡ 0 holds.
Therefore one have that aj,1 is a constant function, from which the lemma follows. 
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Lemma 4.3. Let A = (aµλ)1≤λ,µ≤n be a positive semi-definite Hermitian matrix of order
n. Assume that A admits exactly one positive eigenvalue, and that aµλ = 0 holds if 2 ≤
λ ≤ n and 2 ≤ µ ≤ n. Then aλ1 = 0 and a1λ = 0 hold for each λ ∈ {2, 3, . . . , n}.
Proof. For each λ ∈ {2, 3, . . . , n}, consider the matrix
Aλ :=
(
a11 a
λ
1
a1λ a
λ
λ
)
.
Then it holds that detAλ = −|a1λ|2, since aλλ = 0. As Aλ has zero as an eigenvalue, one
have that detAλ = 0, from which the lemma follows. 
Proposition 4.4.
(i) It holds that (HolF ,Y (γ))
′(0) ∈ U(1) for any element γ ∈ π1(Y, ∗), where ∗ is a base
point of Y and
HolF ,Y : π1(Y, ∗)→ Diff(C, 0) := {f ∈ OC,0 | f(0) = 0, f ′(0) 6= 0}
is the holonomy of F along Y .
(ii) For a sufficiently large positive number N , any leaf of the Levi foliation of {ψ = N}
is a leaf of F .
For the definition of the holonomy map, see [KO] for example.
Proof. The assertion (i) follows from Lemma 4.2 and the definition of the holonomy.
Let N be a sufficiently large number and L be a leaf of the Levi foliation of {ψ = N}.
Note that L is the image of a holomorphic immersion from some complex manifold to X .
Then, as it is clear that ψ|L is a constant function, the assertion (ii) holds. 
As the theorem follows from Corollary 1.3 when NmY/X is holomorphically trivial for a
positive integer m, we will show the theorem by assuming that NmY/X is not holomorphi-
cally trivial for any positive integer m. In this case, there exists an element γ ∈ π1(Y, ∗)
such that fγ := HolF ,Y (γ) satisfies (f
′
γ(0))
m 6= 1 for anym ∈ Z>0, since the map γ 7→ f ′γ(0)
coincides with the monodromy representation ρNY/X : π1(Y, ∗)→ U(1) of the unitary flat
line bundle NY/X .
Let us show that fγ is linearizable: i.e. there exists a constant λ ∈ U(1) such that
fγ(w) = λw holds by using a suitable coordinate of a transversal of F . Assume that fγ is
not linearizable. Then it follows from Proposition 4.4 (i) and [P, Theorem IV.2.3] that,
for any neighborhood U of the origin in C, there exists a point w ∈ U \ {0} such that
fmγ (w) ∈ U \ {0} holds for any integer m and 0 ∈ {fmγ (w) | m ∈ Z}. Thus one have that,
for any real number N , there exists a leaf L of F such that L∩Y = ∅, L ⊂ {ψ > N}∪Y ,
and that L ∩ Y 6= ∅ (see also [KO, §4]), which clearly contradicts to Proposition 4.4 (ii).
Therefore, one can take a 1-dimensional disc D ⊂ V0 which transversally intersects Y
at the base point ∗ and a coordinate w of D such that fγ(w) = λw for some constant
λ ∈ U(1) (the base point corresponds to the origin: i.e. w(∗) = 0). Take a point p0 in D
sufficiently close to the base point. Let w0 be a complex number such that p0 corresponds
to p0 (i.e. w0 := w(p0)) and L0 be the leaf of F which contains p0. Set ε0 := |w0| and
N0 := ψ(p0). Then, as {λmw0 | m ∈ Z} = {w ∈ C | |w| = ε0}, one have that L0 ∩D is a
dense subset of {w ∈ C | |w| = ε0}. Thus one have that
(10) {ψ = N0} ∩D = {p ∈ D | |w(p)| = ε0},
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because it follows from by Proposition 4.4 (ii) that L0 ⊂ {ψ > N0}, and {ψ > N0}∪Y is a
sufficiently small tubular neighborhood of Y if N0 is enough large (see Remark 2.3). Take
an element γ′ ∈ π1(Y, ∗). Then it follows from (10) that fγ′(w0) ∈ {w ∈ C | |w| = ε0},
since there exists a point p ∈ L0 ∩ D(⊂ {ψ = N0} ∩ D) such that w(p) = fγ′(w0) by
definition of the holonomy. Thus one have that fγ′ can be regarded as an element of the
automorphism group of {w ∈ C | |w| < δ} for a sufficiently small positive number δ,
which implies that there exists a constant λγ′ ∈ U(1) such that fγ′(w) = λγ′w.
Take an index j such that ∗ ∈ Uj . Define a holomorphic function ζj on Vj so that
ζj|Vj∩D = w and that ζj is leafwise constant. On Vk with Vjk 6= ∅, define a leafwise
constant holomorphic function ζk on Vk so that ζk|Vjk = ζj|Vjk . Inductively, one can define
a leafwise constant holomorphic function ζk on each Vk in the same manner. As the
degrees of freedom of this definition of each function ζk can be described by using the
holonomy functions, which have been shown to be U(1)-linear, one have that there exist
constants sjk ∈ U(1) such that ζj = sjkζk on each Vjk. As these constants sjk’s can be
regarded as the transition functions of [Y ]|V for a small neighborhood V of Y , [Y ]|V is
unitary flat. 
5. Proof of Theorem 1.1
5.1. Proof of Theorem 1.1 (i). By Theorem 1.2, (Y,X) is of infinite type. Thus
Theorem 1.1 (i) follows from [N, Theorem 5.1] (see also [CLPT, Theorem 1.3]). 
Remark 5.1. [N, Theorem 5.1] and [CLPT, Theorem 1.3] only require the condition
that Ueda type of (Y,X) is larger than m for implying the existence of the fibration as in
Theorem 1.1 (i). Thus Theorem 1.1 (i) holds not only when [Y ] is C∞-semipositive but
also [Y ] is Cr-semipositive if r ≥ max{3, 2m}.
From Remark 5.1, it is easily observed that, when X is compact Ka¨hler and NmY/X is
holomorphically trivial, [Y ] is Cω-semipositive (i.e. [Y ] admits a real-analytic Hermitian
metric with semipositive curvature) if and only if it is Cr-semipositive for some integer
r with r ≥ max{3, 2m} (Consider the pull-back of the Fubini–Study type metric). In
consideration of this fact, it seems to be natural to pose the following:
Question 5.2. Does there exist an example (X, Y ) of a complex manifold X and a
hypersurface Y ⊂ X with unitary flat normal bundle [Y ]|Y such that, for some non-
negative integer r, [Y ] is Cr-semipositive and is not Cr+1-semipositive?
Note that there exist a projective surface X and a non-singular curve Y of X with uni-
tary flat normal bundle such that [Y ] is C∞-semipositive whereas it is not Cω-semipositive,
see [B, Theorem 1] (see also [U, Theorem 3] for Diophantine normal bundles).
Remark 5.3. One can also show Theorem 1.1 (i) without using [N, Theorem 5.1] itself,
but running an argument along the same strategy as the proof of [CLPT, Theorem 1.3].
Indeed, as it follows from the argument in the proof of [CLPT, Proposition 2.7] that
the fibration as in the theorem exists if the natural map Pic0(X) → Pic0(Y ) between
the Picard varieties is not injective (The natural map X → Alb(X)/Alb(Y ) defines such
a fibration). Therefore it is sufficient to consider the case where Pic0(X) → Pic0(Y ) is
injective. Let f : V → C be as in Corollary 1.3. Take a point p ∈ C sufficiently close to the
origin. Then, for the fiber D := f−1(p), the line bundle [mY −D] on X is holomorphically
trivial, since [mY −D] is topologically trivial, [mY −D]|Y is holomorphically trivial, and
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Pic0(X)→ Pic0(Y ) is injective. Thus one have that [D] = [mY ]. Let f be a holomorphic
global section of [D] whose zero divisor coincides with D, and g be a holomorphic global
section of [D] whose zero divisor coincides with mY . The theorem follows by considering
the map X ∋ x 7→ [f(x); g(x)] ∈ P1.
5.2. Proof of Theorem 1.1 (ii). Assume that the Hartogs type extension theorem does
not hold on X \ Y . Then, as the assertion (a) of Theorem 1.4 holds, it follows from
Theorem 1.4 that there exists a neighborhood V of Y such that [Y ]|V is unitary flat. As
NmY/X is not holomorphically trivial for any positive integer m, one have that, for any
neighborhood Ω of Y , there exists a compact Levi-flat hypersurface H in Ω \ Y such that
each leaf of the Levi foliation of H is dense in H . Then it holds that any holomorphic
function on Ω \ Y is constant (see the proof of [KU, Lemma 2.2] for example). Therefore
it is clear that the Hartogs type extension theorem holds on X \ Y . 
5.3. Proof of Theorem 1.5. By considering the flat metric, one can easily show that
the assertion (ii) implies (i). Thus here we show that the assertion (i) implies (ii).
Assume that [Y ] is Cω-semipositive on a neighborhood of Y . Then, by running the
same argument as in the proof of Proposition 2.1, one have a plurisubharmonic function
ψ on X \ Y as in the proposition which is real analytic on a neighborhood of Y . Take a
system {(Vj , wj)} of type 3, whose existence is assured by Theorem 1.2. Set ϕj(zj , wj) :=
log |wj|2 + ψ(zj, wj), where zj is as in §2.2. By shrinking Vj if necessary, we may assume
that ϕj is a real-analytic plurisubharmonic function on Vj.
First let us show that the complex Hessian of ϕj has exactly one positive eigen-
value at each point of Vj by shrinking Vj as necessary. For each point p ∈ Vj , let
γ1(p), γ2(p), . . . , γn(p) be the eigenvalues of the complex Hessian Hj(p) of ϕj at p with
respect to the basis ∂/∂wj , ∂/∂z
1
j , . . . , ∂/∂z
n−1
j of TVj ,p, where n is the dimension of X .
By equation (8), it tuns out that we may assume that there exists a positive number c
such that γ1(p) > c and γλ(p) < c hold for each λ ∈ {2, 3, . . . , n} (by shrinking Vj). As
the characteristic polynomial of Hj depends on the points in real-analytic manner, one
have that the function Γ(p) := γ2(p) + γ3(p) + · · ·+ γn(p) is a function on Vj of class Cω.
Note that Γ is non-negative, since each γλ is non-negative. Assume that Γ 6≡ 0. Then
one can take the maximum m0 of the set {µ ∈ Z>0 | Γ(p) = O(|wj(p)|µ) as p → Y }.
Take a positive integer m which is larger than m0+2. By changing wj ’s, we may assume
that {(Vj, wj)} is of type m + 1 (Note that no change of
√−1∂∂ϕj is caused by such a
change of local defining functions. Though the representation matrix Hj varies (because
we change the basis ∂/∂wj , ∂/∂z
1
j , . . . , ∂/∂z
n−1
j ), this change never causes any change
to the vanishing order m0 of the function Γ along Vj ∩ Y ). Then, by (Assertion)m in the
proof of Theorem 1.2, one have that
ϕj(zj, wj) =
∑
p+q≤m0+2
Ap,qj w
p
jwj
q +O(|wj|m0+3)
holds for some constants Ap,qj ’s as |wj| → 0. Thus one have that
√−1∂∂ϕj =
( ∑
p+q≤m0
(p + 1)(q + 1)Ap+1,q+1j w
p
jwj
q
)
· √−1dwj ∧ dwj +O(|wj|m0+1),
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which clearly contradicts to the definition of m0. Therefore it holds that γλ ≡ 0 for each
λ = 2, 3, . . . , m, namely we may assume by shrinking Vj that the complex Hessian of ϕj
has exactly one positive eigenvalue at each point of Vj .
Thus one can define a foliation F on a neighborhood of Y as in the proof of Theorem
1.4. Take a foliation chart {(Vj, (zj, ηj))} of F as in Lemma 4.2. Note that {(Vj, ηj)} is
also a system of type 1. Set φj := ψ + log |ηj|2, and let
φj(zj , ηj) =
∑
(p,q)∈(Z≥0)2
φp,qj (zj) · ηpj ηjq
be the Taylor expansion.
By applying Lemma 4.3 to the representation matrix of (
√−1∂∂φj)p with respect to
the basis ∂/∂ηj , ∂/∂z
1
j , . . . , ∂/∂z
n−1
j of TX,p for each point p, one have that
(φj)ηjzλj
=
∑
(p,q)∈(Z≥0)2
(p+ 1)(φp+1,qj )zλj
· ηpj ηjq
is equal to zero for each λ = 2, 3, . . . , n. Therefore it follows that the function
Fj(zj , ηj) :=
∞∑
p=1
φp,0j (zj) · ηpj
is holomorphic (Note that Fj has positive radius of convergence since φj is real analytic).
Define a new local defining function ζj of Y ∩ Vj on each Vj by letting ζj := ηj · exp(−Fj)
(and by shrinking Vj again if necessary). Then, as
log |ζj|2 − log |ηj |2 = log | exp(−Fj)|2 = −Fj − Fj ,
one have that
ψ + log |ζj|2 =
 ∑
(p,q)∈(Z≥0)2
φp,qj (zj) · ηpj ηjq
− Fj − Fj = ∑
p>0,q>0
φp,qj (zj) · ηpj ηjq.
From this, it follows that ϕ̂p,qj ≡ 0 holds if p = 0 or q = 0, where ϕ̂p,qj ’s are coefficient
functions of the expansion
ψ + log |ζj|2 =
∑
(p,q)∈(Z≥0)2
ϕ̂p,qj (zj) · ζpj ζj
q
.
By using this expansion, one can inductively show that the system {(Vj, ζj)} is of type
m for any positive integer m by using equation (5), from which we have that tjkζk = ζj
holds for some constant tjk ∈ U(1) on each Vjk. 
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